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1. Introduction

In gauge theory/gravity correspondences, a saddle point in the gauge theory path integral
is expected to represent the space-time geometry in gravity. Since the saddle point is
determined by the dynamics of the gauge theory, the space-time is said to be emergent. A
notable example of such a phenomenon is the emergence of the sphere of the dual AdSs x S®
geometry from the matrix quantum mechanics governing the strong coupling dynamics of
the constant modes of the scalars of N' = 4 super Yang-Mills compactified on a S> ].1
When an operator is inserted in the gauge theory path integral, the saddle point, as
well as the space-time represented by it, gets deformed. The new space-time develops
bubbles of new cycles carrying fluxes. Such bubbling geometries were originally found for
half-BPS local operators in N/ = 4 super Yang-Mills theory in the context of the AdS/CFT

correspondence [B, . They were later generalized to include Wilson loops [{-fl] and

1See [E] for a review of subsequent developments and a list of relevant references.



surface operators [§] of the A” = 4 theory, while bubbling in topological string theory was
found and studied in [§—[L1].

The current work revisits the bubbling geometries for circular supersymmetric Wilson
loops in NV = 4 super Yang-Mills. These geometries were constructed in a complete form
in reference [ff]. The ten-dimensional space-time is a warped product

ds® = flds’yg, + f3dst + fidsh + ds%, (1.1)

of AdS; x S? x S* and a half-plane ¥. The radii fi, f2, f4+ and all other supergravity
fields are functions on X given in terms of two holomorphic functions, A and B. In fact,
> is naturally identified with the lower half-plane in one sheet of a hyperelliptic surface,
also denoted by X, and A and B are constructed geometrically. Thus the data (X, A, B)
completely characterize the bubbling solution.

In this paper, we demonstrate that the deformed saddle points in gauge theory repre-
sent the bubbling geometries by making use of a matrix model. It was conjectured in [[3, [
that the Wilson loop expectation value is captured by the Gaussian matrix model with a
loop operator insertion. The conjecture was recently proved in reference [@], where it was
also shown that the matrix is the constant mode of a scalar field.? We show that the saddle
point configuration of the matrix eigenvalues back-reacts to the operator insertion and the
hyperelliptic surface X arises as the spectral curve in a generalized sense that we explain
in detail.> We also find an interpretation of A and B in the matrix model.

Concretely, the circular supersymmetric Wilson loop is defined as

Wpg = Trg Pexp ?{(ZA + 0'¢'ds). (1.2)

Here A is the gauge field and ¢’ are the six real scalars. The integral is along a circle
in R*, 0% is a constant unit vector in RS, and s is the parameter of the circle such that
||dz/ds|| = 1. The trace is taken in an irreducible representation R of U(NN) or SU(N).
Such R is specified by a Young tableau, which is also denoted by the same symbol R. The
dual bubbling geometry has small curvature when R has long edges and it is characterized
by a genus g hyperelliptic surface 2, where g is the number of blocks in R (see figure [I]).
The Wilson loop expectation value is given by the matrix integral

(Wr)ym = % /[dM]e‘%TrMQTrReM. (1.3)

The N x N matrix M is hermitian and Z is the partition function. For representations R
that give rise to smooth bubbling geometries, we solve the matrix model in the limit where
N is infinite and the 't Hooft coupling A = g%,V is large. As it turns out, A and B are
simply related to the resolvent w(z) and the spectral parameter z of the matrix model:

A xw(z) -2z, B o z 4 const. (1.4)

2In [@] it was argued that the matrix model arises as a mirror of the topological A-model for the
AdSs x S® superstring [@]

3Tt was originally argued by Yamaguchi [E] that the eigenvalue distribution of the matrix model charac-
terizes the bubbling geometry.



Figure 1: The Young tableau R is shown rotated and inverted. It consists of g blocks, the I-th
one of them having n; rows of length K;. We set Kg11 =0 and ngp1 = N — >9_, ny.

We also show that the resolvent is given by the indefinite integral of a meromorphic 1-form
« on the same hyperelliptic surface 3. The surface ¥ is given by the equation

y? = Hagya(2), (1.5)

and the 1-form « by

a=0w= (2 — 2%) dz. (1.6)

H2g+2(

The polynomials H(z) and a(z) have degrees 29+ 2 and g+ 1 respectively. We find from the
matrix model analysis a set of constraints that determine the coefficients of a(z) and H(z)
uniquely. These constraints are identical to the ones that arise in the bubbling geometry.
The surface ¥ is the spectral curve of the matrix model in the sense that the eigenvalue
distribution is determined by 3 and «.

Given our large NV solution of the matrix model, the Wilson loop expectation value can
be easily computed. A natural question is whether it can also be reproduced in supergravity,
by evaluating the on-shell action in the bubbling geometry background. We include in this
paper some relevant calculations that will be useful for this purpose. In particular, we show
that the on-shell supergravity Lagrangian is always a total derivative. This would imply
that the on-shell action splits into two contributions, one coming from the new cycles of the
bubbling geometry and the other given as a surface integral on the conformal boundary. It
is the former contribution that we manage to compute exactly within an ansatz we make.
This work does not address the latter contribution, which seems to require a holographic
renormalization technology beyond the one currently available. Indeed, because the new
cycles mix non-trivially the AdSs and S° directions, usual counter-terms in five-dimensional
supergravity cannot be used, at least in a straightforward way.

It is however possible to use the identification of the matrix model and supergravity
data to compare the correlators of the Wilson loop with local operators, namely chiral
primaries and the energy-momentum tensor. This is reported in a companion paper [[[7].



We structure the paper as follows. In section [, we study the matrix model for Wilson
loops dual to bubbling geometries. We solve the model, obtain its spectral curve, and
show that it is the hyperelliptic surface that characterizes the bubbling geometry dual to
the Wilson loop. Section [ then focuses on the Wilson loop expectation value. Using our
solution, we compute the Wilson loop expectation value for representations that correspond
to smooth bubbling geometries. This reproduces the result of [[§ in a certain limit. We
next show that the on-shell supergravity Lagrangian is a total derivative and compute the
contributions from the new cycles that appear in the bubbling geometry. We then conclude
the paper by discussing the outlook in section {. The appendices contain details used in
the text.

2. Spectral curves and bubbling geometries

The expectation value of a circular Wilson loop in N/ = 4 super Yang-Mills is captured
by a Gaussian matrix model [[J—[4]. This was originally proposed for half-BPS loops
in the fundamental representation (which are dual to fundamental strings in the bulk),
but the conjecture has later been extended and checked to hold also for circular loops
in arbitrary representations R of the gauge group [[9-R3] and for some loops preserving
reduced amounts of supersymmetry [R4-R§]. The precise statement is that the Wilson
loop expectation value for the U(N) theory is given by

(Wr)yn) = %/[dM] exp (—%Tﬂ\ﬁ) Trre™. (2.1)

Here M is an hermitian matrix and the partition function Z of the matrix model is defined
as the integral without the insertion Trre?. We use the standard hermitian measure [dM].
In the absence of operator insertions, the eigenvalues are distributed in the large N limit
according to the Wigner semi-circle law.*

To make better contact with the supergravity solution, it turns out to be more conve-
nient to follow the procedure delineated in [[1]] and decompose M in g+ 1 sub-blocks M ()
of size ny x ny. The expectation value of the loop is then given by several Gaussian matrix
integrals correlated by interactions between the sub-blocks:

g+1

1 _aN (M(D)2 (D (M(I)®1—1®M(J))2
<WR>U(N) = E / H[dM(I)]C A ZIT (M ) BKIT M H det Y0 M .
I=1 1<J 1—e ®e

(2.2)

The eigenvalues of M (@) for fixed I are distributed along some interval [ear, ea7—1]. In the
following, we drop the exponential interactions by replacing (1 — e~ M® ® eM (J)) with 1.
This is a consistent approximation in the limit

A>1, gruns = O(\), (B — Kpy1) = O(AY?) (2.3)

4Pedagogical references on general matrix models include [E7 E]



because ear—1 — ear = O(4 /g%,Mnj) and ear — €971 = O(g%M(KI — K741)) as one can see
from the saddle point equations below.

Going to the eigenvalue basis, the matrix model in (R.9) becomes (here i = 1,...,ns
labels the eigenvalues of the I-th sub-block)

(Wr)y(n) / [T dam"” exp [_ ol (mg))? N KIme] I [ _mg_n]%
1, (I,

) _
)< ()
(2.4)

We have introduced a linear ordering in the set of all the eigenvalues so that the last
product is taken over distinct pairs of eigenvalues. The saddle point equations are

AN (1) 1 _
M + Ky +2 Z 0 = 0. (2.5)
(J)A(L5) " j
By defining the resolvent
w(z) = F Y — (2.6
— JYM _ a1y’ .
(1) %~ My

the eqgs. (B-5) can be written, for € [eor, ea7—1], as

—Az + G K1+ wi(z) +w_(z) =0, (2.7)

where wy (z) = w(z + ie).

2.1 A hyperelliptic surface as the spectral curve

!/

> so that the combination

By differentiating eq. (B.14), one can see that v/, =4 —w
W'(4—uw') (2.8)

is invariant when crossing the cut. Let us now consider the behavior of this expression close
to a branch point, say e;. The eigenvalues are expected to produce square root branch
cuts. Since w(z) satisfies eq. (R.7), locally it is given by

1
w2z — Eg%MKl—i—c\/z—el, (2.9)

where ¢ is some constant. Then

W4 — )~ <2+ 2\/%_61> <2 — 2\/%_61> —4- 4(267_261). (2.10)

The same behavior is found for every branch point e;:

Ci

/4_ /N
wi(4d—uw) P

as z— e, C; = const., (2.11)



so the combination

2g+2
Ci

WA-w) =) p— (2.12)

1=1

is regular everywhere on the complex plane. The first term behaves as O(1/22) for large
z by the definition of w. Thus the combination must vanish everywhere and, in addition,
the second term has to be of the form

B Z ZCz' - fog(2) (2.13)

with fa4(2) a polynomial of degree 2¢g and

2g+2
Hygia(2) = [[ (2 =) (2.14)
i=1
The solution to the quadratic equation
W) = 2B 2.15
( ) Hagr2(7) (2.15)
is then
AN R 1) B SRR O (2.16)
Hago(2) Hag12(2)

Here we have selected the negative sign in front of the square root to guarantee the correct
behavior for z — oco. In introducing the monic polynomial ag11(2) = 291 4 ... we noted
that Hogi2 — foq/4 has to be a perfect square, so that the only singularities of w’ are the
branch points e;.

We can geometrically interpret eq. (R.16) by saying that the resolvent w(z) is the
indefinite integral

w(z) = /Z a (2.17)

o

of a meromorphic 1-form

o= (2 - 2a9+71(2)> dz (2.18)
H2g+2(2)

on the hyperelliptic curve defined by
Y2 = Hagia(2). (2.19)

The only singularity of the 1-form « is the double pole at z = 0o on the second sheet.



Figure 2: The A- and B-cycles of the hyperelliptic surface 3 of genus g = 2.

2.2 Parameters and constraints

The parameters in the definition of the spectral curve and the one-form are the 3g + 3
coefficients of the two monic polynomials ay41 = a and Hyg4o = H. Let us study the
constraints that determine these parameters.

The constraints are most concisely expressed in terms of period integrals, so let us
introduce the A- and B-cycles of the hyperelliptic surface in the standard way (see figure f):
the cycle Ay (with I = 1,...,g + 1) circles the I-th cut [ear, ear—1] clockwise. Only the
first g of the A-cycles are independent, since Ag41 = —A; —--- — A,y. The cycle By (with
I =1,...,9) goes through the I-th and the (g 4+ 1)-th cuts and has intersection numbers
#(AIQBL]) =4y for J=1,2,...,9.

1. The first g+ 1 constraints come from the requirement that the resolvent w(z) should
be single-valued on the physical sheet. Since it is obtained by integrating the one-form
a, we need that

}{ a =0, I=1,...,9+1. (2.20)
Ar

These g + 1 constraints are all independent: even though Zf}i} Ay is a trivial cycle

in homology, the condition fZ A= 0 applied to (R.1§) is non-trivial and ensures
that no logarithmic term appears in the expansion of w around z = oo.

2. According to the saddle point equations (P.7), the value of w along the cycle By goes
from w to 4z — w in passing through the (g + 1)-th cut from the first to the second
sheet (recall that K,.1 = 0), and then from 4z —w to w + g%MK 7 when coming back
to the first sheet across the I-th cut. In terms of the one-form «, we get g conditions

f{ a=gyKr, I=1,....g. (2.21)
By

3. Since the I-th cut contains n; eigenvalues, the definition (R.) implies the following
g + 1 conditions

jé wdz = —2migiyny I=1,...,9+1. (2.22)
Ar

The integral should be performed on the first sheet.



4. The 3g + 2 conditions above determine a41(2) and Hag12(2) up to a shift of z. The
last condition that fixes this ambiguity is

w(egg+2) = 2e2g42 (2.23)

which follows form (R.7) recalling that K,+; = 0.

We check now that w(z) given by (R.17) together with the constraints (2.20)—(R.29)
automatically satisfies the saddle point equations (R.7). For this we need to evaluate w just
above and below each branch cut [ear, ea7—1]. Since we know the value of w at z = eggyo,
we only need to integrate « from eggi2 to ez; along an arbitrary path on the first sheet,
and then from eg; to x 4 ie with x € [ear, ea7—1] along the cut. The key points are that

e a(z) 2
dz = gYMKI7 (224)
€2g+2 H(Z)

as follows from the condition (R.21)), and that
H(x +ie) = —+/H(x — ie) (2.25)

on the cut. For x € [ear, ea7—1] we have

Wi (7) +w_(z) = 2w(eagra) + 2/2:; <2 - 2%) dz

! /
+/ 2—2M dm’+/ 2—2M dx’
lear,@]+ie H(z') lear @] —ic H(z')

= 4€2g+2 + 4(62] — 629+2) — g%zMK] + 4(x — 62])
= 4z — gon KT, (2.26)

so we see that the saddle point equations (B.7) are satisfied. Thus at this point we have
found the exact solution of the matrix model (2.4) in the large N limit.

2.3 Comparison

What remains to be shown is that the spectral curve (B.19) is the hyperelliptic surface that
appears as part of the bubbling solution for a Wilson loop [[7.

The bubbling geometry is a warped product of AdSs x S? x S* and a half-plane, as
we have mentioned in the introduction. This half-plane is taken to be the lower half-plane
in one sheet of the hyperelliptic surface given by

2g+1

s =[] (w-é). (2.27)

i=1

The branch points of the surface are at u = é; (with i = 1,...,2g + 1) and u = &y =
€2g+2 = oo. (Notation changed from [ff: ether® = éhere) The constant ug and the branch
points ¢; are all real and ordered as follows:

égg+1 < égg <...< e <ug. (2.28)



Though the 1.h.s. of (R.27) is a polynomial of degree 2g + 1 instead of 2g + 2, the equation
can be transformed to the form (R.19) by a Mébius transformation on w.

All the supergravity fields are expressed in terms of two holomorphic functions A and
B on ¥ given by

_ P(u)du
0A = 0 —uo)2s(0)’ (2.29)
B— it (2.30)
U — ug

The polynomial P(u) has real coefficients and is of degree g + 1. The real part of A must
vanish on [€2741, €27] to ensure regularity of the solution, so there are constraints

/ 0A = 0, I=1,....9+1. (2.31)
(621,627 —1]—1€

The branch cuts [éa7_1, €27—2] represent three-cycles of topology 53 that arise from the
geometric transition of D5-branes, so they carry RR three-form fluxes. Since each column
in the Young tableau R represents a D5-brane [R{, B, the flux carried by the I-th cycle
is proportional to K7 — K1, the number of columns in the I-th block:

8mi / DA +cc = / Figt = 4r®(K; — K)o (2.32)
[E2r 1,627 2] S3

for I = 1,...,¢g. Similarly, the segment [€37, €27 1] represents a five-cycle of topology S°
that arises from the geometric transition of n; D3-branes [[9, BI] and carries RR five-form
flux. As we show in appendix [B

82 / (AOB — BOA) + c.c. = | Fp) = 4n'a*n; (2.33)
[E2r,62r—1]—1te€ S5
forI=1,...,9+ 1.
Shifting the imaginary part of A does not affect the physical fields. It is natural to fix
this ambiguity by requiring that
lim A =0. (2.34)

uU— 00

The constraints (2.31)—(R-34) are equivalent to (2.20)-(R.23), respectively, if we make

the identification

~

8
w—2z= iagsA, B = i%(z — €29+2)- (2.35)
Equivalently, we have
o [ a(z") 4 1
A=i— ) @Y w—wp= ——— 2.36
49s Jesy o \/H(Z') 0~ €2g+2 — Z ( )

Note that g%M = 47rgs. Thus we have showed that the spectral curve of the matrix model
is precisely the hyperelliptic surface that characterizes the bubbling geometry.



2.4 SU(N) gauge group

So far we have focused on the U(N) gauge group case. It is easy to describe what changes
for a SU(N) theory. First, the Wilson loop expectation value of the gauge theory is related
to the matrix model by a simple modification of (R.1)):

Wr)sun) = %/[dM] exp <—¥TrM2> Trre’, (2.37)
where
M =M — %(TrM)leN (2.38)
is the traceless part of M. Since
TrreM = e_‘_ff‘TrMTrReM, (2.39)

the saddle point equation (R.7) for the I-th cut becomes
—42 4 ¢\ (K1 — |R|/N) 4 wy(x) + w_(z) = 0. (2.40)

Therefore the resolvents of the U(N) and SU(V) theories are simply related by a shift of
the argument:

wsu(n)(2) = wy(w) (2 + [R|/4N). (2.41)

Equivalently, the eigenvalue distribution is simply shifted by a constant so that the average
position of the eigenvalues is the origin. The relations between w, z and A, B become

/

8
w=2(z+|R|/AN) =i=g.A,  B= i%(z — e2g42), (2.42)
where eggyo = eg;ivg + |R|/4N is the last branch point in the SU(N) case.

3. Wilson loop expectation value

Given our identification of the matrix model and supergravity data, it is natural to compare
various physical quantities computed on both sides. A companion paper [[4] studies the
correlators of Wilson loops with local operators, such as chiral primaries and the energy-
momentum tensor, finding agreement between gauge theory and supergravity analysis.
Another natural quantity to compare is the Wilson loop expectation value, which we study
in this section. On the Yang-Mills side, we compute it using our large N solution of the
matrix model. We also discuss the supergravity computation though we do not complete
it in this paper.® First we prove that the on-shell supergravity Lagrangian is always a total
derivative. Then we show that the action contains contributions from the new cycles of
the bubbling geometry and also from the boundary of space-time. We compute the first
kind of contributions. Issues with the second type are discussed in section [l

5The computation of the expectation value of a loop dual to D3 and D5 branes [@, @] has been
performed in [E,@]’ both using the matrix model and the DBI action.

— 10 —



3.1 Wilson loop expectation value from the matrix model

To the leading order in the saddle point approximation, the normalized Wilson loop ex-
pectation value is given by

(Wp) = ¢~ (Smat=50), (3.1)

where Syt and Sy are the on-shell actions of the Gaussian matrix model with and without
Wilson loop insertion. We now proceed with computing these actions.

Again, we begin with the case of a U(IN) gauge group. The on-shell value of the matrix
model action is given by

—Omat = Z [—% (m51)>2 + ijl(-l)] + Z log [mgj) - m§J)]2

i (1,3)<(J.5)
=N> drp(z) |~ =2 + Kz | + N? | dedyp(z)p(y) log |z — yl,
lear,ear—1] A R
I

(3.2)

where the eigenvalue density

1 I
pla) = & D —m") (3.3)
Li
is related to the resolvent by
- _ _ plz)

plx) = 5 (wi(z) —w_(x)), w(z) = )\/Rdxz — (3.4)

In the limit in which the cuts are well separated, the last term in (B.2) can be dropped,
and by using the eigenvalue density p(x) given by

> 50 (@ = GRuKi/4). (3.5)
1

we easily reproduce the results of [[[g].

The expression (B.J) may be enough for comparison with supergravity although we do
not see how the double integral can appear in gravity. We now rewrite (B.2) in a form that
involves no double integral. First, let us use the density and a principal value integral to

re-express (B.5):
—4x + g% K + 2)\P /R dyp(y)%_y =0 for = € [egr_1,e€21]. (3.6)
This equation can be integrated to yield
—22% + g3 Kz + 2)\/Rdyp(y) log |z — y| = 2¢3\cr for x € [ear_1,ea1],  (3.7)

where c¢; is an integration constant. The on-shell matrix action is then

—Smat = NZ drp(z) |——2* + =Kz +cf| . (3.8)
lear,ear_1] A 2
I=1 21,6211

— 11 —



One expression for the Wilson loop expectation value that does not involve a double integral
or ¢ is obtained by using (B.7) with z = eg;_1 and = = egy:

g+1

N 1 N Kir(ear—1+ear
10g<WR U(N NZ dl‘p [——IIL‘2—|——KI:E — 631_14—6%[)4_M
6217621 1

A 2 _2/\( 4

1
—1—5 Z nylog(esj_1 — x)(z — ng)] —logVA+3/4+1og2, (3.9
J
where we used
Sy = N? (— log VX + 3/4 + log 2) (3.10)

that follows from the density po(x) = (1/7A\)V A — 22 for Wigner’s distribution.
For the SU(NN) theory, we simply replace K; by K; — |R|/N:

g+1 1 N
2 2
log(Wr)su(v NZ /@ﬁ:;pﬂ [— ~a? + 5 Kie = (3 + e
(KI —|R|/N)(e2r—1 +e2r) 1
+ 1 + 3 ZJ:njlog(ng_l x)(z — eay)
—log VA +3/4 +log 2. (3.11)

In this formula p(z) and e; are the density and the branch points in the SU(N) case, and
we have used the fact that the average eigenvalue vanishes to remove a shift of K7 in the
second term inside the bracket.

3.2 Wilson loop expectation value from supergravity

Let us now turn to supergravity. The solution in is for an infinite straight line along
the Lorentzian time, whereas the matrix model model computation is appropriate for a
circle in Euclidean signature. This is not a problem, since both the straight line and the
circle preserve the same isometry SO(2,1) x SO(3) x SO(5) (albeit realized differently in
the two cases). We can then extend the solution of [[j] to the circular case via a Wick
rotation, considering a fibration with the Euclidean factor Hy, rather than AdSs. This
difference will not play any significant role in our analysis, so that we shall consider for
simplicity the Lorentzian signature. The Wilson loop expectation value is then given by
(Wgr) = exp(—Sg) after the Wick rotation that identifies —Sg with iSy, where S and S,
are the Euclidean and Lorentzian on-shell actions.

3.2.1 The on-shell lagrangian is a total derivative

We begin our discussion of the supergravity action by showing that the on-shell Lagrangian
density always has to be a total derivative, if it is a homogeneous function of the fields of
non-zero degree. It seems well-known that the supergravity Lagrangian is a total derivative
if the equations of motion are satisfied, though we do not know a reference that makes the
general statement explicitly.

— 12 —



The argument is simple. Suppose the Lagrangian £(¢) depends on the fields ¢¢ and
their derivatives. There can be second or higher derivatives. When we take the variation
of £ with respect to arbitrary changes ¢, in general we get terms that contain derivatives
of §¢'. By definition, the equations of motion &;(¢) = 0 are obtained by rewriting 6£ as

0L = 0¢'E(d) + > Di(d¢'; 9), (3.12)
where D; is the total derivative term that is linear in §¢°. If the Lagrangian is homogeneous,
there are (usually integers) numbers n, and n; such that

L) = QL) (3.13)

for any constant 2. We call n; the dimensions of the fields. By choosing €2 = 1 + € so that
d¢' = en;d’, we find that

encl(¢) = enig'&i(d) + Z Di(enid’; d). (3.14)

)

If the equations of motion are satisfied, the Lagrangian is a total derivative:
n; .
L = —D;(¢"; ). 3.15
(4) Z:n,; i(¢'59) (3.15)

We now apply the above consideration to the type IIB supergravity action®

M7
262 S = /dlox\/—_g<R—laMT782T>
2 (Im7)

1
+/ <—§MabH613) /\*Héjg) — 4F(5) /\*F(g,) — EabC(4) A H&) A H€3)> . (3.16)

The action is written essentially in the convention of [B4] and contains various combinations
of the fields:
7= Co) +ie ¥, (Myp) = diag(e™ %, e?),
1 a
Fis) = dClay + gea By A dB(y), (3.17)

where H ?3) = dBE‘z) and a = NS, RR. First note that the action is homogeneous of degree
8 if we assign dimension 2 to the metric gy/ny and p to all p-form fields (scalars are zero-
forms). So our argument applies. Since the scalars have vanishing dimensions, we can
ignore their variations. Then under arbitrary variations of the fields except the scalars, the
action changes as

2626 = [ %2 =gv (VN dgain — 9"V sibgro)
+ / d( — Map0 By A xH{gy — 2€abClay N OBy A Hy

_ 850(4) A\ *F(5) + EabéB&) A\ B&) A *F(5)> (3.18)

6Self-duality of the five-form, F(5y = xF\5), does not follow from this action, but has to be imposed by
hand. One can consider other actions where self-duality is implemented with an auxiliary field. In the
case @] we looked at, the on-shell value does not seem to change.
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up to terms that vanish on-shell. By setting
dgMN = 2€9MN, 5352) = 263{12), 0C 4y = 4eCy) (3.19)

and using dS = 8¢S, we conclude that the on-shell action is given by
a 1 a
2,‘%28 / < bB (2) A *H( 3) — §6abC(4) N B(2) N H&) — 4C(4) A *F(5)> . (320)

We thus see that we only need the two- and four-form fields to compute this part of the
action. Note that so far we have not committed to any particular solution.

3.2.2 Contributions from new cycles

In the solution of [{f], the N'S two-form is along the AdSs directions while the RR. two-form
along the S? directions. The RR four-form has two components, one in the AdS, x S? and
the other in the S* directions. One has then

where é%1, é23 and é%9%7 are the volume forms of AdSs, S, and S*, respectively, all

normalized to unit radius. Note that b1, bo, 71, and jo are real functions on E Recall now
that the S? and S* radii vanish on segments of the real axis of . Thus é?% and é%5%7 a

not globally defined forms in the ten-dimensional space-time, while ! is. This 1mphes
that the Chern-Simons term in (B.16) is not globally defined. We can make it globally

defined by adding further total derivative terms

1
2425, = / d (20(4) ABYS N HES — B ABYS A d (B A B )> (3.22)

so that the new Chern-Simons term in 2x2%(S + S1) = 2k2Spulk is
/ 2F(5) A B A HESY (3.23)
The on-shell action is then given by
262 Spuik = / d (—iMabBé) A xH{gy — Bi3S A B A dC(4)> , (3.24)

where we took into account (B.21)).

Since some of the forms in (8.24) are not globally defined, we need caution in applying
the Poincaré lemma. Some terms in (B.24) are contributions of the non-trivial cycles in the
bubbling geometry, while the rest are from the boundary of space-time. We focus on the
former contributions. The latter should be combined with counter-terms we do not discuss
in the present work.

With our ansatz, the Hodge duals of the three-forms are given by

<Fly = J 3;54 * dby N 31567, (3.25)
RR f1 f4 5014567
SFE) = Tt ndba ne (326)
2
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We have by the Poincaré lemma

2/@2$bu1k = V/

< 4 2 f2 f4 bl dbl fl f4 b2 * db2 — b1b2dj2> . (327)
0%

ft 4 3

By 0Y we denote the real axis as well as a large semi-circle on the lower half-plane. We
cannot meaningfully separate contributions from the two components of 0% because adding
an exact form in the integrand of (B:27) mixes them. In (B.27) we have made the important
assumption that the volume of AdS, is regularized in a way independent of the position on
0%. We have denoted the volume of AdSs x S% x S* by V. In a more complete calculation
of the on-shell action, this assumption may need to be modified.

In appendix [, we study how various quantities in (B.27) behave in the asymptotic
region z — oo. If we choose the coordinate to be the spectral parameter z in the SU(N)
case, both b; and by vanish as z — oo while j remains finite. Thus the contribution from
the semi-circle in this parametrization vanishes.

On the real axis, the first term in ([8.27) never contributes because it contains positive
powers of radii of the two spheres and always vanishes. The remaining two terms nicely

V/_OO bo <4 f1f2f4 * dby + bld]2> (3.28)

The sign change from (B.27) is due to the natural direction for integration. We observe
that f; vanishes on regions of the real axis where S* shrinks to zero size. In fact, jo is

combine to give

constant there because otherwise Fy that contains djs A €*°57 would be ill-defined. On the
other hand, by is constant on regions where S? shrinks for a similar reason and, as we

recall in appendix [A], by = —4Im A. Since A(ezg12) = 0 by (.34), the flux condition (2.39)

determines these constants to be

by =27’ K; on [ear,ear 1] (3.29)
Thus we can write (3.2§) as
g+1 - f f
\%4 —O/K[ (e‘p 14 o dby + 4b1dj2> (3.30)
2::1 2 [ear,ear—1] f

The physical meaning of the integrand in (B.3Q) can be understood as follows. The
equation of motion for B(%gi can be written as

dHRY =0, (3.31)
where
1
Hpy' = €2 % Hi3 + 4B} A Fis) — 5By A By A H5)' (3.32)

It is easy to see that the integrand in (B.30) is proportional to the component of H (f%{

along the AdSy x S* direction. The seven-form is to be regarded as the field strength of

the six-form potential H (RI)D‘ C’(Rl;‘ By the symmetry of AdSs x S? x 8%, we can write

ClY = b7, (3.33)
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where 914567 is the volume form of unit AdS, x S*. Then by definition

2 r4
egpfl-g4
2

Thus the integrand in ([3.30) is dby.
One can express the Lh.s. of (B.34) in terms of A and z using the known expressions

* dbg + 4b1djo = dby. (334)

for fields summarized in appendix [A]. Tt is in fact possible to integrate the equation:

1, 2Ae—2)(A+ A2 — (22 = 22)(A+ A)(9,A + 0:A)
o2t 2(0,A — 9:A)
+g(z2—z2)(,4—ﬁ) —6/dzzA—6/dzzA, (3.35)

where the last two terms involve indefinite integrals. One can check that (B.34) is satisfied
by this solution. On the real axis where z = z, b4 reduces to

by = —6a’? /dzz.A+c.c.. (3.36)

Thus

b4(€21_1) — b4(62]) = —67T2O/3N dxp(x)a; . (337)

lear,e2r—1]
By collecting everything together, (B.27) becomes

3 g+1
262 Shui/V = —§ﬂ3al4N§ K /[ dzp(z)z . (3.38)
I=1

ear,ear—1]

This is the contribution from the bulk, in particular from the cycles that have grown
in the bubbling geometry. This is not the complete story, since the volume V should be
regularized and counter-terms on the boundary should be added. We see indeed that (B.3§)
seems to account only for special terms in the matrix model action in (B.11)).

4. Conclusion

The main achievement of this paper is the large N solution of the matrix model that governs
circular BPS Wilson loops at strong coupling. We determined the eigenvalue distribution
for an arbitrary representation in terms of geometric data on the spectral curve. The
spectral curve was then identified with the hyperelliptic surface ¥ that was found in [ to
characterize the bubbling geometry for the Wilson loop.

The identification of the hyperelliptic surface ¥ as a spectral curve is important for
two reasons. First, one can view this as an example of emergent geometry. The matrix
model is a reduction of the four-dimensional gauge theory [[4] and the geometry emerges
out of the dynamics of the eigenvalues.

Second, the identification provides the precise dictionary between field theory and
gravity. Indeed it serves as the basis for the matching of physical quantities computed on
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both sides. A successful example of matching is reported in [L7], where the correlators of
the Wilson loop with chiral primaries and the energy-momentum tensor are computed.

It should also be possible to match the computations of the Wilson loop expectation
value. Given our solution of the matrix model, we were able to compute the Wilson loop
expectation value quite easily. On the other hand, the computation of the expectation
value in supergravity is unfinished. Such computation should involve two non-trivial tasks.
One is to properly take into account the new cycles that appear in the bubbling geometry.
In the present work, we developed techniques to perform this task. The other task is to
regulate the infinite volume of the ten-dimensional space-time and to add proper counter-
terms. Usual five-dimensional counter-terms do not suffice, because the bubbling geometry
mixes the AdSs and S° directions in a topologically non-trivial way.” Construction of the
counter-terms is a worthwhile open problem that has applications to other observables such
as surface operators [B7.
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A. Details on the bubbling geometry

The solution to the BPS equations can be expressed in terms of two holomorphic functions

A and B on the lower half-plane. Let us define four harmonic functions hq, l~11, ho, and hs
by

A= %(h1 b)), B=i(hy—ih) (A1)

N =

In fact, all the physical fields except the form fields can be written in terms of h; and ho
alone. The field strengths of the form fields are also given in terms of Ay and hy. The dual
harmonic functions h; and hy only appear in the potentials -

It is useful to define the following shorthand notations

V = 0wh10gha — Oph10wha , W = 0yh10gha + Oph10wha ,

Ny = 2hihs|0phy|? — B3W Ny = 2h1ho|Oyha|*> — h3W, (A.2)
where w is an arbitrary complex coordinate on 3. Then we have
2o N2 s WZ2NIN,
€T =0 P =———711
w _ w _,No
fi = —4ehi g, f2 =de o fi=dev52, (A3)

"A similar problem, related to the difficulties of formulating higher-dimensional counter-terms [@], was
already encountered by one of the present authors in the context of bubbling geometries [@]
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while the relevant components of the two- and four-form fields (B.21)) are

h2heV - RV
by = —2i 1N? — 2hs, by = —2i lNz + 2h1, (A4)
as given in [[f], and
L Vv . S -
J2 = Zh1h2W + 3’L(C — C) — §(h1h2 — h1h2) , (A5)

as we show in appendix [§. The holomorphic function C is defined implicitly by
0wC = A0yB — Bo,A . (A.6)

The behavior of various quantities near the real axis (y = 0) was studied in [[f]:

Yy
Intervals | Vanishing fiber | hy Oyh1 ho %

W N N,
lear, €27-1] 52 o) O(y) Oy) O@1) Oy) Oy) Oy
others S O(y) 01) Oy Oy 0@1) O O

It follows that by = 2h; = —4Im A on [ear, €2r—1].

B. An explicit expression for the four-form

The component j; of the RR four-form Cy) (B:21) is not given explicitly in [ff], but can
be obtained along the lines of the similar computation in section 9.9 of B§. We use the
notation of these papers.

The derivative of j, admits an expression®
djy = =i fi (pfwdw — pfadv) (B.1)
where from eqs. (5.24) and (6.1) of [[i] and from the relation pp,, = 0, ¢ (¢ = ¢/2) one has
B (B8 _aa
2 w — awl - — — = aw . B2
pf ¢zt \aa 35) ¢ (B.2)
Using that
R 3 R 3
a= \/%\/cosh((b—i—)\), B:z\/%\/smh(qﬁ—i—)\), (B.3)
it becomes

Ow® + Oy 2 cosh(\ — A

" sinh(2¢ +2)\)  [sinh(2¢ + 2)\)]&”(;5' (B-4)

The warp factor is given by fy = v(aB + fa) (with v = £1), so that

222

R™K . N . 2
fi= p (sinh(2¢ + A + X) — |sinh(2¢ + 2X)[)” . (B.5)
8Using complex coordinates on X, the frames become €® = e* 4 e”, e? = —i(e” — €®), with ¢ = pdw

and e” = pdw.
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One can now change the variables from ¢ (real) and A (holomorphic) to the real variables
1 and v defined by

< Q20 _ sinh(2¢ + 2))

A—A=1 = B.6
i sinh(2¢ + 2)) (B6)

from which also follows

(sin 2u)? _iy  |sinh(2¢ + 2))|
h(2 2 W= B.
[sinh(26 +2))[* = 4sin(9 + p)sin(¥ — p)’ ° sinh(2¢ + 2\) (B-7)
and

B = — sin 244 Oy za Sin 24 Oyt (B.8)

4sin(d + p)sin(9 — p) 2 wht + 4sin(¥ + p) sin(9 — p)
Using eq. (7.4) of [[i] one has

1 ) )
20fuwfi = . [e_m (— sin 24 99 — €2 Dy + i cos 2 8wu) -

2p* cos?
—2cos <— sin 24 09 + e~ Oy — i cos 2 8w,u) } . (B.9)

In terms of ¢ = , the expression above becomes

i o—i9/2
21

2pfwfi = (Sin 202

[ = sin 2 (6 0t — V2 0utb /) = G2 D+ 03 241 02 Dyt
+2 cos psin 24 (Y Oyt — ¥ Qb)) — 2cos pp® Oy [1h+
+2 cos 11 cos 244 1) 8“;,14 ) (B.10)

and finally, using the equation of motion
- - 1
0wt = cot 1) Oppt + —— Oy b (B.11)
sin

to eliminate the pieces with more than 2 ¢ and/or 1,

YO, P — 42 2cos2u o
—* 0

sin2u  (sin2p)? wht (sin2p)? 3" Jupt

ZCos,u(waww W D) + 2cz)s,uco)52,u

20fufi = 2i [ -

Y Dt - (B.12)

sin 2u

This can be almost written as a total derivative

7 2 72 2
2pfufi =0y (220 D) gt Gult,
sin p sin 2u sin? o

(B.13)

using again the equation of motion for ¢). Using the equation of motion for v, eq. (7.7)
of [fl], the expression for  in eqs. (7.8) and (7.13) and the last equation in (7.14), the last
term in the formula above becomes

_TJZ)2 Ouw i

sin? ;1

= Oy (1/)2 cot u + ih%e — zh2 2)‘) + 2i(h10wha — h20yhy) . (B.14)
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Then
,Ofwf4 = — (h1h2 tan ,u) — 3(h18 hg h28wh1) s (B.15)
and one has

3. -
jo = —hihatan pu + 3i(C — C) — §(h1h2 — hihs). (B.16)

Using ([A.§) together with the relations u = —i(A — \) and e** = 0,h1/0yha, one can
rewrite this as (A.5).

C. Asymptotic behavior

Let us study the asymptotic forms of physical fields in the region z — oco. We use the
SU(N) identification (P-49) of the matrix model and geometry data.
From the definition (P.), w behaves in the asymptotic region of ¥ as

w(z) = A +0 <i> . (C.1)

z 23

The order O(z2) term vanishes in the SU(NV) case. Using the formulas in appendix [i], we
find the asymptotic forms of various fields:

e? =¥ =g, +O(r™Y, (C.2)
o2\ V4 o2\ V4

fl = <gs)\> r+ 0(1/7‘), f2 = <gs)\> T+ 0(1/7’), (03)

- 0/2)\ 1/4 ] 9

fa= < m > |sind| + O(1/r%), (C.4)
o(1/r), by = O(1/r), (C.5)

. a”A[120 — 8sin(26) + sin(40)]

Jo = 550, +0(1/r%), (C.6)

by = O(1/r). (.7)

Here we introduced polar coordinates z = re® with —7 < 6 < 0. Note that the metric (1)
is written in the Einstein frame where the AdS radius is (a’?\/g;)'/* in our convention (C-9)
for the dilaton. The subleading terms depend on the representation R and can be easily
calculated in terms of the moments of the eigenvalue distribution.
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